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ABSTRACT
This paper is aimed to discuss Hamiltonian laceability in the context of the Middle graph of a graph. We explore
laceability properties of the Middle graph of the Gear graph, Fan graph, Wheel graph, Path and Cycle.
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INTRODUCTION
All graphs considered in this paper are finite, simple,
connected and undirected. Let U and V be two

vertices in a graph G.The distance between U and V
denoted by d(u,V)is the length of a shortest U -V
path in G. G is a Hamiltonian- t -laceable if there
exists in it a Hamiltonian path between every pair
vertices u and v  with the property
d(u,v) =t , 1<t <diamG, where t is a positive
integer. If this property is achieved for at least one pair
of vertices u and v, the graph G is termed
Hamiltonian- t* -laceable. Various results on

Hamiltonian laceability properties in graphs are
available in [4], [7], [8], [9], [10], [11], [12] and [13].

In this paper we give some results related to the
Laceability properties of the Middle graph of the Gear

graph (G,), Fan graph (F, ), Wheel graph (W, ),
Path graph (P,) and Cycle (C,).

The vertex set of G and the edge set of G are
denoted respectively by V(G) and E(G)
respectively. Terms not defined here can be found in

[1].
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Figure 1: Hamiltonian Laceable graph

Definition 1
Let P be a path from the vertices @, to a; in a graph

G and let P’ bea path from @, toa, . Then the path

P U P'is the path obtained by extending the path

P from & to a to & t a

through the common vertex a; (e, if P:a,...... a
and P':a;....a,,thenPUP’: a,..a;...,).

Figure 2 below illustrates a Hamiltonian-2-laceable
graph and a Hamiltonian-2*-laceable graph.
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Figure 2: A Hamiltonian-2-laceable graph and a
Hamiltonian-2*-laceable Graph

Definition 2

Let & and @; be any two distinct vertices in a
connected graph G. Let E' be any minimal set of
edges not in G and P be a path in G, such that
PUE’ is a Hamiltonian Path in G from a, and

a;. Then |E| is called the t -laceability number

A of G and the edges in E' are called the t -
laceability edges with respect to (&;,a;).

Definition 3

A graph G is t *-connected if it is Hamiltonian-t *-
laceable for all t, 1<t < diamG.

Definition 4
The Middle graph of G denoted by M(G) is

defined as follows. The vertex set of M (G) is
V(G) UE(G). Two vertices X,y in the vertex set
of M (G) are adjacent in M (G) in case one of the
following holds:
i) X,y are in E(G) and X,y are in
adjacent in G.
i) Xis in V(G), yis in E(G) and
X, Y are incident in G.

Figure 3 below illustrates the Middle graph of a cubic
graph G.

Figure 3: A Cubic Graph and its Middle Graph
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Definition 5
The Gear graph G, is a wheel graph W, with a
vertex added between each pair of adjacent vertices
of the outer cycle.

Figure 4 below shows the graph G;.

o

>

Figure 4: Gear Graph G
Definition 6
A Fan graph F, s defined as the graph join

Km + P, where Km is the empty graph on m

n

vertices and P, is the path graph on N vertices

The Fan graph Fly o is illustrated in Figure 5 below.

Figure 5: Fan Graph F, |

RESULTS
Theorem 1: The GraphG=M(G,), n>4 ist*

-connected with A,y =1

Proof: Let V(G,) ={a}{a,,a,,8;,........ ,8,,}
and
E(G,)={e 1<i<n}ud{e :1<i<2n-1}

u{er} where e, the edge is a a,, ,(L<i<n), e
is the edge a,@,,(1<i<2n-1)and e; is the
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edge  V,,,V, by the definition of Middle graph (a,.6 ) (85 ,85)U (ag,e;)u (e),a,)v
VIM(G,)) =V(G,) VE(G,) ={a}{a; :1<i<2 }a,,e; )U (e ,a5)U (a5 )U (e ,a5) U
g 1<i<npud{e :1<i<2} respectively. (a..e, ) U (€] ,a,)U (a,.6, )uU (€] ,a,)u

Clearly d(G) = 4. (as,€5) v (€5 ,a,). isa Hamiltonian path from

a, to a, . Where (e,,,€5, ,) is the laceability
edge. Hence G is a Hamiltonian-2*-laceable.

Case (iii): For t =3
Inthe graph G d(ai,a5)=3 and the path P':

(a.) (81,85 ,) Y (85021820 2) Y
(B 2180 3) Y (Brn3:8203)Y (B203:€504)
O (- VIR L6 A U (6] 8,,)\Y
(a,..e,) v(e ,a,)u..... U(eg ,ag) v

: (8, YU (€3,2,) U (3,6 )L (€] ,a5) U
Figure 6: Middle graph of Gear Graph M (G,)

Case (i): For t =1
In the graph G , d(aj,el)zl and the path P:

(8,65 ) (65 .6)U (g,au (ae)u
(94 ’ en—4) o (en—4 ’ en—3) o (en—S ! en—z) o
(&2, (6, a) U (8,85 ) U(e) ,8,)

R VIR IR RN 2w (2, |
' : e,,a;)V (a;,€ e ,a,)u (a,,€

(B 280 U €y )U (Ba8y ) ()Y @) Ll a)u (@)

TGN T [C R U (8] ,a,)U U (e} ,as) is a Hamiltonian path from @, to a .

Where (b,,a,) is the laceability edge. Hence G is

a,,e,)u (el,a,)u (a,,e; )u (e:,a,)U
(@, ) (67,2,) 0 (37,85 ) (8, 3) a Hamiltonian-3*-laceable.

(ag,85 ) (&5 ,a5) U (as,e; ) (€, ,8,)

Case (iv): Fort =4

Inthe graph G , d(a,,a,)=4 and the path P:
(a6 (e ,a,)u (8,65 ) (&) ,8,)v
(a.65 ) we; €5 ) (€ ,a5) v (as,e0 )V

(a,.63)U (&5 ,3;) U (a;,8;) v (&;,8,) U
(@,,8,)U (&,8) U (e5,8,) (&,,85)
(es,6)v  (6g,8)U  (8,,85) Uniioirvinene,
............. u(e,,a)u (a,e). isaHamiltonian

’ ! ! ’
path from a, to e . Where (a,,e,) is the (& .35) (3.6 ) (& .a7) © (3.8 )

laceability edge. Hence G is a Hamiltonian-1*- (7 ,85) U (85,85 ) U o U (84,2, €042)

laceable. V(€ 8,,5) Y (8,3:€0,3) Yo U

Case (ii): For t =2 , , e a

Inthe graph G , d(a,,a,)=2 and the path P: (@202/€2n2) W (€02,8) ) (€1, 8) ) (B,€,1)
o (en—l’ en—z) o (en—Z ! en—S) o (en—3 ' en—4) o

(a,e)u(e,e)u (e, a)u (ae,)u

€,6)U (€,)U (€,8)U (6,6)U (RPN (e;,85) U (e5,8,) U

(€,,8,) U e e ) (€ v, L)uU (e,,a,) is Hamiltonian path from @, to a,. Where
,Co ) U n-1? °n— n-21 n—

(€n-3:8203) Y (B203:€04) I (€30 41820 4)
Ui v (e,a,,,)Y a8 ) Y ,a,)

n+l

(e,,a,) is the laceability edge. Hence G is a
Hamiltonian-4*-laceable. Hence the proof.
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Theorem 2. The GraphG =M (F, ), n=3is t*
-connected.

Proof: Consider the Fan graph F, = denote the
vertices

V(F,)

{a}u{a,a,,a,,......... a, 1,8, 3u{b,b,,b;......

and E(F,,)={e, :1<i<n}

Where €, is the edge aa,(1<i<n) by the
definition of middle graph
VIM(F,,))=V(F,)VE(F,) =
{a :1<i<npu{b 1<i<n}u

{e, :1<i<n}.Clearly d(G) = 2.

Figure 7: Middle Graph of Fan Graph M (F, )

Case (i): Fort =1
In the Graph G, d(a,€;) =1 and the path
P:(ae)u (e,e)u (658,)u (&6)u

(TS L O LT U (CRN-B]V
€na)u @)U (0,4,8,,)U
@,.b)v (ba,)v (a,b3)u
(b, 5,8, 3) U v (by,a;)u (ag,b,)u

(by,a)v (a,,b)u (b,a)u (a,6) is
Hamiltonian path from a to e, .

Hence G is a Hamiltonian-1-laceable.

Case (ii): Fort =2

http: // www.ijesrt.com

b, lga}fz b, )

ISSN: 2277-9655
Scientific Journal Impact Factor: 3.449
(ISRA), Impact Factor: 2.114

Inthe Graph G , d(@,@,) =2 and the path
P:(ae)u (e,e)u (e58,)u (&6)u

(e5,86) Uinennnne. v (e,a,)v (a,b,,)u
b,a)v (@b (b,.a,,)v
(b, 5,8, 3) Ui )

(53,8.3)U (ag,b) v (by,a,)v (a,,b)u

(b, &) is Hamiltonian path from @ to @,. Hence

G is a Hamiltonian-2-laceable.
Hence the proof

Theorem 3. The Graph G =M (W, ), n>3is t*

-connected.
Proof: Consider Wheel graph W, denote the

vertices

{a}u{a,a,,a,,......... ,a, yu{b,b,,b;........ b}
VW, ,) =and EW, ) ={e :1<i<n}u{e}

Where €; is the edgea a,,(1<i<n-1), e, is

the edge &, @, , by the definition of middle graph

VIMW, ))=VW, )VEW, ) =
{e,:1<i<n}

{a,:1<i<n}u
d(G)=3.

.Clearly

Figure 8: Middle G\raph of Wheel Graph
MW,,)
Case (i):Fort =1
Inthe Graph G , d(a,,b,) =1 and the path
P: {@.e)U (E.2)U (ae)U (;.e,)u
(€,,85) U (E5,€5) Uirrrrrurnnn. v (e,,b,)u
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b,.a,)v (@b )v  (b.a,)v
(@.,b)v (ba)u (a,.,b5)u
(b, 5 a,3) U v (b,,a,)u (a,,b)u
(b, a,)u (a3, b)u (by,a,)u (a,e,)u
(e,,b,) is Hamiltonian path from &, tob,. Hence
G is a Hamiltonian-1*-laceable.

Case (ii): Fort =2
In the Graph G, d(a,,b,) =2 and the path and the

path P: (a,,b) U (ba,) v (a,.8,) v (,,8) U

(ae)v (e,b)u (b,e)u (e,a)u
(an ! bn—l) o (bn—l’ en—1) o (en—l’ an—l) o
(@b)u  O,.e)vu  (6.,8,,)V

(e, ,.b,)u (b,se.3)u (6,58,5)U....
(b,.e)v (e,a)v (b)) (by,a;)u
(a5,8;) U (&;,€,) is Hamiltonian path from a, to
b, . Hence G is a Hamiltonian-2*-laceable.

Case (iii): For t =3

In the Graph G, d(a,,8;)=3 and the path P:
(a, &)U (e a)u (a,e,) U (e,65) U (65,8)
Ui u(e,,b)u (b,,a)v (a,,b,)u
ba)v  (@ub)u 0,a.,)v
(a,,.b,5)u (b, 58, 5)U...... v (b,,a,) v
(@ )u  (b.e)u (e56)u (8,b)u
(@) (e,b)u  (b,v,)u  (a,,b,)
U (b,,a;) is Hamiltonian path from a, to b, .

Hence G is a Hamiltonian-3*-laceable.

Theorem 4: The Graph G=M(P,) , n>3 is

Hamiltonian- t*  -laceablefor t=1, 2,3

with A, =1.
Proof: Consider the graph G can be obtained by the
Middle graph M (P,). Since M (P,) contains at

least one cycle of length 3, we can conclude that
G=M(P,)>3.

Let V(P)={a,a,,a,,..,a,} and
VIM(P))={a :1<i<n}ufb :1<i<n-1}

http: // www.ijesrt.com
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where b, is the vertex of M (P,) corresponding to

edge a,a,,,0f P, . Clearly d(G) =n.

i+1

Figure 9: Middle Graph of Path M (P,)
Case (iii): For t =1
In the graph G ,d (a,,b,) =1, and the path

P : (a11 an) o (an ’ bn—l) o (bn—l’ an—l) o
(an—l’ bn—2) o (bnfz ’ bn—s) o (bn—3’ an—3) o
.......... ub,a)u  (ba)u (a,b) is

Hamiltonian path from @, to b,. Where (a,,a,) is

the laceability edge. Hence G is a Hamiltonian-1*-
laceable.

Case (ii): Fort =2

Inthe graph G , d(a,,8,) =2, and the path P:

(@,b)u (b,b)u (by,a)u (a,by)u
(by,a,) v (a,,0,) Ui U
Uy Ve)v (b ya)v  (a4.b)u

(b,.a,)v (a,a,)

is Hamiltonian path from @, to a, . Where

(a,,a,) is the laceability edge. Hence G is a
Hamiltonian-2*-laceable.

Case (iii): For t =3

Inthe graph G , d(a,,8,) =3 , and the path P:
(a,b)u (b,a,)u (a,b)u (by,b)u
(by,a) U u(b,5.a,,)u
(@b )v  b,a,)v (@yby)u
(b,.a) v (a,,83)
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is Hamiltonian path from @, to a,. Where (a,,a,)

is the laceability edge. Hence G is a Hamiltonian-
3*-laceable. Hence the proof.

Theorem 5: The Graph G=M(C,), n>3 is
(i)

Hamiltonian-t * -laceable for t =1 and

2
(ii) Hamiltonian- t* -laceable for t =3,
with 4,y =1
Proof: V(C,))={a,a,,a,.... a,}

and  V(M(C)))={a, a,,a,.... a} v
{b,,b,,b, ........ ,b.} where, b, is the vertex of
corresponding to  the edges @&a;,,; of
C,d<i<n-1).

Figure 10: Middle Graph of M (C,)

Case (iii): For t =1
In the graph G, d(a;,b,)=1 and the path P:

(a,b,) v (b,.a,) v (a,,b, ;)
e, )Y (@ubo)u (b.a,,)0
(TP RS [ v (b8,
(b,a)v (a,b)u (b ,a,)U.... U

(bs,a5)v (as,b,)vw (b,,a,)u (a,,b)u
(b, a) v (a5,b,) 0 (b,a)v (a,,b) is

Hamiltonian path from @, to b, .
Hamiltonian-1*-laceable.

Hence G is a

http: // www.ijesrt.com

[208]

ISSN: 2277-9655
Scientific Journal Impact Factor: 3.449
(ISRA), Impact Factor: 2.114

Case (ii): Fort =2
In the graph G, d(a;,a,) =2 and the path P:
(allbn) o (bn’an) o (an!bn—l) o (bn—l’an—l) o

(@,4,b,5) v (0, 5,2, ,)v
(8, 5,0, 3) Ui ) (b.,,a,,)v
(b,a)vu@E,b)ud,a,) ..

..................... w (b, a5) U (as,b,) v

(by,a,)v (as.b)w (b,a) v (a;,b)u
(b,,b,) U (b,,a,) is Hamiltonian path from &, to

a, . Hence G is a Hamiltonian-2*-laceable.

Case (iii): For t =3

In the graph G, d(a;,8,) =3 and the path P:
(al’ bn) o (bn’an) o (an 1bn—1) U (bn—l’ an—l) o
(@b ) (b y,a,,)V (@,,,0,5) U
U (b, a,) Y (b, ) (&b
(b_.a)v
(@,b)v (b,a)v (a,,b)v (by,b,)u
(b,,a,)w (v,,u;) U (b;,b;) is Hamiltonian path
from @, to a,. Where (b;,a;) is the laceability

edge. Hence G is a Hamiltonian-3*-laceable.
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